6.01 Introduction to EECS
via Robotics

Lecture 4: Analyzing System Behavior

Lecturer: Adam Hartz (hz@mit.edu)

As you come in...

e Grab one handout (on the table by the entrance)
e Please sit near the front!



6.01: Big Ideas

The intellectual themes in 6.01 are recurring themes in engineering:
e design of complex systems
e modeling and controlling physical systems
e augmenting physical systems with computation
e building systems that are robust to uncertainty

Approach: focus on key concepts to pursue in depth
- Programming >
Signals and Probabilistic Al/

Systems Circuits Reasoning Algorithms
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The intellectual themes in 6.01 are recurring themes in engineering:
e design of complex systems
e modeling and controlling physical systems

e augmenting physical systems with computation
e building systems that are robust to uncertainty

Approach: focus on key concepts to pursue in depth

Programming

Signals and
Systems

Circuits

Probabilistic
Reasoning

Al/
Algorithms

Focus: discrete-time feedback control systems
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This week

Today: Last signals and systems lecture :(
Labs: Fixing wall follower
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Midterm 1

Time: Tuesday, 12 March, 7:30-9:30pm
Room: TBD

Coverage: Everything up to and including week 5

You may refer to any printed materials you bring.
You may not use computers, phones, or calculators.

Review materials will be posted this weekend.
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The Signals and Systems Abstraction

Describe a system (physical, mathematical, or computational) by the way it
transforms an input signal into an output signal.

signal

in
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The Signals and Systems Abstraction

Describe a system (physical, mathematical, or computational) by the way it
transforms an input signal into an output signal.

signal

in

system

—

Multiple representations with different strengths:
e Difference Equation: concise mathematical representation

signal
out

e State Machine: computational framework for simulation

e Block Diagram: visual representation of signal flow paths

e Operator Equation: manipulation and combination

e System Functional: represent systems as operators

e Poles: predict long-term behavior
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System Functional — Review

We can express the relation between the (known) input and the (unknown)
output using the system functional H.

X—>» H [—>Y

The system functional H is an operator.

Applying ‘H to X vyields Y.

Y =HX

It is also convenient to think of ‘H as a ratio:

Y
H=—
X
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for
transient inputs.

X—»@—» H1
LH2 —

v
~

<] =
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for
transient inputs.

X :@ Pl »Y

LH2<_

> =<
[
X
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for
transient inputs.

o)
X = = = BY
[

N
o~

a

Y
X = Hi +HIHo
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for

transient inputs.
Y . >
X r\ﬂ, = ll —.Y
.- i

Y
x> Hi +HIH2 +HIHS
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for

transient inputs.
! 9L >
'|| >
.- i

X ) Y

e N

Y
e +HIH +HIHE +HIHS
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for

transient inputs.
X :o Pt > Y
=
.- i

Y
e FHIHo +HIHE +HIHS +HIHS
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for
transient inputs.

Y
e FHIHo +HIHZ +HIHS +HIHS + ...
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for
transient inputs.

= Hy +HIH2 +HIHE +HIHS +HIHS +. ..

=H1 (1 +HiHo + HIHG +HIHS + HIHS +...)

SIS
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Feedback and Cyclic Flow Paths

Feedback produces cyclic flow paths, which lead to persistent responses for
transient inputs.

= Hy +HIH2 +HIHE +HIHS +HIHS +. ..

=H1 (1 +HiHo + HIHG +HIHS + HIHS +...)

A e T

_ < 1 )_ Hi
- 1 —HiH2 N 1 —H1Ho
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Black's Formula: Derivations

Derivation: Iterative Signal Solving

X—»@—» Hq
LHQ —

v
~
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Black's Formula: Derivations

Derivation: Iterative Signal Solving

X—»@—» Hq
LHQ —

HoY

v
~
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Black's Formula: Derivations

Derivation: Iterative Signal Solving

X —>

LH2<_

HoY

X +HaY
2 H,

v
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Black's Formula: Derivations

Derivation: Iterative Signal Solving

X —>

LH2<_

HoY

X +HY Hi(X + HY)
2 %,

v
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Black's Formula: Derivations

Derivation: Iterative Signal Solving

X +HY Hi(X + HY)
X —> 2 Hq >

LH2<_

HoY

\
~

Y = Hi(X +HaY)
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Black's Formula: Derivations

Derivation: Iterative Signal Solving

X +HY Hi(X + HY)
X — > 2 Hq >

L

HoY

\
~

Y = Hi(X +HaY)

Y Ha
X 1 —HiHs
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Check Yourself!

Are the following systems equivalent?
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Check Yourself!

Are the following systems equivalent?

Yes!
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Feedback and Cyclic Signal Flow Paths

Consider the following system:

x =@ .y
e

y 1
X_l—p()R
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Feedback and Cyclic Signal Flow Paths

Consider the following system:

o
@4— R

Yy 1 _
X_l—p()R_
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Feedback and Cyclic Signal Flow Paths
Consider the following system:
X =) Y

Yy 1
X_l—p()R

6.01 Intro to EECS 1

=1 +pR

&t
4

/IA lam) <
Yl‘ A
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Feedback and Cyclic Signal Flow Paths

Consider the following system:

X = » Y
a8 ’
e N e
Y‘ VAV I

Y 1
e — 1 + R + 2722
X 1—-pR Po Do
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Feedback and Cyclic Signal Flow Paths

Consider the following system:

X i) » Y
'y >
lqé_=_
) >y tam ) >y
Y‘ VAV I

Y 1
- -1 R 2722 3RS
X 1-pR +PoR +pyR° +py
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Feedback and Cyclic Signal Flow Paths

Consider the following system:

X =)

>

v
~

Y‘ D
Y 1

— =1 R 2722 3R3 4R4
X 1-pR +poR +poR™ +poR™ +pg
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Feedback and Cyclic Signal Flow Paths

Consider the following system:

X =)

>

v
~

Y‘ D
Y 1

= =1 R +p2R2%2 +p2R2 +piR* + ...
X 1-pR +poR +pyR° +py +pg +
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Feedback and Cyclic Signal Flow Paths

Consider the following system:

X =)

>

v
~

Y‘ D
Y 1

= =1 R +p2R2%2 +p2R2 +piR* + ...
X 1-pR +poR +pyR° +py +pg +

Characterize persistent responses (modes) to transient (e.g. unit sample)
inputs with poles.

yln] =pg; n=>0
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Finding Poles — Review

Poles can be identified by factoring the denominator of the system functional:

Y _bo—l—blR—l—bng—i—...
X 14aR+aR2+...

Y bo+b1R—|—b2R2—|—...

X (1—-poR)(1—pR)(1—paR)...

The p; values are the poles, and one geometric mode p}* arises from each pole.
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Finding Poles — Review

bo+ b1 R +bR%+ ...
(1=poR)(1 —p1R)(1 —p2R) ...

Y
X

Partial fraction expansion:

Y Co c1 C2 2
— = + + +oiit fot iR+ foRE 4 ...
X 1-pR 1-pmR  1-mR fot AR+ J2
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Finding Poles — Review

bo+ b1 R +bR%+ ...
(1=poR)(1 —p1R)(1 —p2R) ...

Y
X

Partial fraction expansion:

Y Co c1 C2 2
— = + + +oiit fot iR+ foRE 4 ...
X 1-pR 1-pmR  1-mR fot AR+ J2

If the system functional is a proper rational polynomial, then the unit sample
response is:

y[n] = copy + c1pt + caphy + . ..
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Check Yourself!

What are the poles of the following systems?
X @ :>¢®—> Y
L<<— R <—|
@ >4
L<<— R <—|
X —()

Lo Lo

6.01 Intro to EECS 1 Lecture 4 (slide 43) 25 Feb 2019




Long-term Behavior: Dominant Pole — Review

When analyzing systems’ poles, we are interested in long-term behavior (not
specific samples).

As n — oo, how does y[n] behave?

We have seen that a system'’s unit sample response can be written in the

form:
yln] = > e
k

In the “large-n" case, all poles but the one with the largest magnitude die
away, and so looking at the dominant pole alone tells us about the behavior
of the system in that case.
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Check Yourself!

Consider the following system:
X —>®—> R :{}—» Y

Answer the following questions:
1. How many poles does this system have?
2. Will changing k; affect the system’s poles?
3. Will changing k; affect the system's poles?
4. Will changing k; affect the system’s unit sample response?
5. Will changing k. affect the system’s unit sample response?

A
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Check Yourself!

Consider the following system:

¥ —O—[ =

L

Answer the following questions:
1. How many poles does this system have? 2
2. Will changing k; affect the system’s poles?
3. Will changing k; affect the system's poles?

A

4. Will changing k; affect the system’s unit sample response?
5. Will changing k, affect the system’s unit sample response?
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Check Yourself!

Consider the following system:
X —>®—> R :{}—» Y

Answer the following questions:
1. How many poles does this system have?
2. Will changing k; affect the system’s poles? No
3. Will changing k; affect the system's poles?
4. Will changing k; affect the system’s unit sample response?
5. Will changing k. affect the system’s unit sample response?

A
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Check Yourself!

Consider the following system:
X —>®—> R :{}—» Y

Answer the following questions:
1. How many poles does this system have?
2. Will changing k; affect the system’s poles?
3. Will changing k. affect the system’s poles? Yes
4. Will changing k; affect the system’s unit sample response?
5. Will changing k. affect the system’s unit sample response?

A
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Check Yourself!

Consider the following system:
X —>®—> R :{}—» Y

Answer the following questions:
1. How many poles does this system have?
2. Will changing k; affect the system’s poles?
3. Will changing k; affect the system's poles?
4. Will changing k; affect the system’s unit sample response? Yes
5. Will changing k. affect the system’s unit sample response?

A
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Check Yourself!

Consider the following system:
X —>®—> R :{}—» Y

Answer the following questions:
1. How many poles does this system have?
2. Will changing k; affect the system’s poles?
3. Will changing k; affect the system's poles?
4. Will changing k; affect the system’s unit sample response?
5. Will changing k, affect the system’s unit sample response? Yes

A
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Complex Poles — Review

What if a pole has a non-zero imaginary part?

Example:

Y 1

X 1-R+R2

+ V35

Poles at z = 57

1
2

Unit sample response still goes like poles raised to the power n!

Need to understand what happens when complex numbers are raised to
integer powers.
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Complex Poles — Review

Easiest to understand when poles are represented in polar form:

A number pg = ag + bpj can be represented by a magnitude and an angle in
the complex plane:

ao + boj = r(cos(f) + jsin(6))

where r = /a2 + b2 and 6 = tan™*(bo, ao)

By Euler's formula:

ag + bo] = ’F€j0

25 Feb 2019
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Complex Poles — Review

Easiest to understand when poles are represented in polar form:

A number pg = ag + bpj can be represented by a magnitude and an angle in
the complex plane:

ao + boj = r(cos(f) + jsin(6))
where r = /a2 + b2 and 6 = tan™*(bo, ao)
By Euler's formula:
ag + boj = rel?
Furthermore, we can express (rejo)” as r"e’™. This is a complex number with

magnitude r™ and angle nf. (Thus each new power multiplies previous
magnitude by r and adds to previous angle by 6.)
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po = 0.98¢%2

y[0] = (0.98)? - °9-*%7 ~ (1.000000) + (0.000000);

Im
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po = 0.98¢%2

y[1] = (0.98)" - "0 ~ (0.960465) + (0.194696);

Im
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po = 0.98¢%2

y[2] = (0.98)* - €20 = (0.884587) + (0.373997);

Im
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po = 0.98¢%2

y[3] = (0.98)% - €927 ~ (0.776799) + (0.531437);

Im

P
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po = 0.98¢%2

y[4] = (0.98)* - 0% ~ (0.642620) + (0.661666);

Im

>
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po = 0.98¢%2

y[5] = (0.98)" - €”0*% = (0.488390) + (0.760623);

Im

/"
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po = 0.98¢%2

y[6] = (0.98)° - €90 ~ (0.320992) + (0.825640);

Im

/™
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po = 0.98¢%2

y[7] = (0.98)" - €70 ~ (0.147553) + (0.855494)

Im

[
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po = 0.98¢%2

y[8] = (0.98)% - %9*% ~ (—0.024842) + (0.850400)

Im

R
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po = 0.98¢%2

y[9] = (0.98)" - 70 ~ (—0.189429) + (0.811943);

Im

™
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po = 0.98¢"%

y[10] = (0.98)10 . 100200 ~ (—0.340022) + (0.742962);

Im

™
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po = 0.98¢%2

y[11] = (0.98)'* - 110207 ~ (—0.471231) + (0.647388);

Im

™

6.01 Intro to EECS 1 Lecture 4 (slide 65) 25 Feb 2019



po = 0.98¢%2

y[12] = (0.98)'% - 120207 ~ (—0.578645) + (0.530047);

Im

™
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po = 0.98¢"%

y[13] = (0.98)13 . 130200 ~ (—0.658967) + (0.396432);

Im

™
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po = 0.98¢%2

y[14] = (0.98)'* - 40207 ~ (—0.710098) + (0.252461);

Im

J
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po = 0.98¢%2

y[15] = (0.98)15 . 150200 ~ (—0.731178) + (0.104227);

Im

™
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po = 0.98¢"%

y[16] = (0.98)16 . 160207 ~ (—0.722563) + (—0.042251);

Im

™
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po = 0.98¢"%

y[17] = (0.98)'7 . e!70207 ~ (—0.685771) + (—0.181261)5

Im

™
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po = 0.98¢"%

y[18] = (0.98)'8 . £!80-207 ~ (—0.623368) + (—0.307612);

Im

J
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po = 0.98¢%2

y[19] = (0.98)'9 . 190207 ~ (—0.538833) + (—0.416818);

Im

™
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po = 0.98¢%2

y[20] = (0.98)%° . 200207 ~ (—0.436378) + (—0.505247)5

Im

™
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po = 0.98¢%2

y[21] = (0.98)?* - 210207 ~ (—0.320756) + (—0.570234)3

Im

™
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po = 0.98¢%2

y[22] = (0.98)?% - 220207 ~ (—0.197053) + (—0.610139);

Im

™
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po = 0.98¢%2

y[23] = (0.98)%3 . 230207 ~ (—0.070471) + (—0.624383);

Im

™
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po = 0.98¢%2

y[24] = (0.98)** - 240207 ~ (0.053880) + (—0.613419);

Im

-,
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po = 0.98¢%2

y[25] = (0.98)%° . 250200 ~ (0.171180) + (—0.578677);j

Im

A
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po = 0.98¢"%

y[26] = (0.98)26 . 260200 ~ (0.277079) + (—0.522471);

Im

J
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po = 0.98¢%2

y[27] = (0.98)%7 . 270200 ~ (0.367847) + (—0.447869);j

Im

A

6.01 Intro to EECS 1 Lecture 4 (slide 81) 25 Feb 2019



po = 0.98¢"%

y[28] = (0.98)%8 . 280200 ~ (0.440503) + (—0.358544) 3

Im

J
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po = 0.98¢%2

y[29] = (0.98)%7 . 290200 ~ (0.492895) + (—0.258605);

Im

A
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po = 0.98¢%2

y[30] = (0.98)3Y . 300200 ~ (0.523758) 4 (—0.152417);

Im

0
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po = 0.98¢%2

y[31] = (0.98)3" - 310207 ~ (0.532726) + (—0.044417);

Im

J
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po = 0.98¢%2

y[32] = (0.98)3% - £320-207 ~ (0.520313) + (0.061058)3

Im

)
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po = 0.98¢%2

y[33] = (0.98)33 . 330207 x5 (0.487855) + (0.159947)5

Im

D
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po = 0.98¢%2

y[34] = (0.98)* - 340207 ~ (0.437426) + (0.248607);

Im

*J
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po = 0.98¢%2

y[35] = (0.98)3° . 350207 ~ (0.371730) + (0.323943);

Im

i
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po = 0.98¢"%

y[36] = (0.98)36 . 360207 ~ (0.293963) + (0.383511)5

Im

0

6.01 Intro to EECS 1 Lecture 4 (slide 90) 25 Feb 2019



po = 0.98¢"%

y[37] = (0.98)3" . 379207 x5 (0.207674) + (0.425582)7

Im

i

6.01 Intro to EECS 1 Lecture 4 (slide 91) 25 Feb 2019



po = 0.98¢%2

y[38] = (0.98)3% . 339207 x5 (0.116604) + (0.449190);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 92) 25 Feb 2019



po = 0.98¢"%

y[39] = (0.98)7 - 390207 ~ (0.024539) + (0.454134)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 93) 25 Feb 2019



po = 0.98¢%2

y[40] = (0.98)%0 . 200200 ~ (—0.064849) + (0.440957)j

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 94) 25 Feb 2019



po = 0.98¢%2

y[41] = (0.98)** - 410207 ~ (—0.148138) + (0.410898);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 95) 25 Feb 2019



po = 0.98¢%2

y[42] = (0.98)*% . 120207 ~ (—0.222282) + (0.365812);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 96) 25 Feb 2019



po = 0.98¢"%

y[43] = (0.98)*3 . 130200 ~ (—0.284716) + (0.308072);j

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 97) 25 Feb 2019



po = 0.98¢%2

y[44] = (0.98)** . 10207 ~ (—0.333440) + (0.240459);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 98) 25 Feb 2019



po = 0.98¢%2

y[45] = (0.98)%° . 150200 ~ (—0.367074) + (0.166033);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 99) 25 Feb 2019



po = 0.98¢"%

y[46] = (0.98)%6 . 160207 ~ (—0.384888) + (0.088001);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 100) 25 Feb 2019



po = 0.98¢%2

y[47] = (0.98)*7 . 70200 ~ (—0.386805) + (0.009586) ]

Im

B

6.01 Intro to EECS 1 Lecture 4 (slide 101) 25 Feb 2019



po = 0.98¢"%

y[48] = (0.98)*8 . 80207 ~ (—0.373379) + (—0.066102);

Im

B

6.01 Intro to EECS 1 Lecture 4 (slide 102) 25 Feb 2019



po = 0.98¢"%

y[49] = (0.98)%9 . 90207 ~ (—0.345748) + (—0.136184);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 103) 25 Feb 2019



po = 0.98¢%2

y[50] = (0.98)%° . 700207 ~ (—0.305564) + (—0.198116);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 104) 25 Feb 2019



po = 0.98¢%2

y[51] = (0.98)" - 510207 x5 (—0.254912) + (—0.249776);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 105) 25 Feb 2019



po = 0.98¢%2

y[52] = (0.98)°% - 520207 ~ (—0.196203) + (—0.289531);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 106) 25 Feb 2019



po = 0.98¢%2

y[53] = (0.98)%3 . 739207 ~ (—0.132076) + (—0.316285);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 107) 25 Feb 2019



po = 0.98¢%2

y[54] = (0.98)°* - 540207 ~ (—0.065275) + (—0.329495)

Im

6.01 Intro to EECS 1 Lecture 4 (slide 108) 25 Feb 2019



po = 0.98¢%2

y[55] = (0.98)% . 759200 ~ (0.001457) + (—0.329177)j

Im

6.01 Intro to EECS 1 Lecture 4 (slide 109) 25 Feb 2019



po = 0.98¢%2

y[56] = (0.98)5 . 790207 ~ (0.065489) + (—0.315880);

Im

&~

6.01 Intro to EECS 1 Lecture 4 (slide 110) 25 Feb 2019



po = 0.98¢"%

y[57] = (0.98)°7 - 570207 ~ (0.124400) + (—0.290641);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 111) 25 Feb 2019



po = 0.98¢%2

y[58] = (0.98)8 . 7%9-200 ~ (0.176069) + (—0.254930)

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 112) 25 Feb 2019



po = 0.98¢"%

y[59] = (0.98)°7 - 590207 ~ (0.218742) + (—0.210572);

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 113) 25 Feb 2019



po = 0.98¢%2

y[60] = (0.98)%Y . 090207 ~ (0.251091) 4 (—0.159659)

Im

-

6.01 Intro to EECS 1 Lecture 4 (slide 114) 25 Feb 2019



po = 0.98¢%2

y[61] = (0.98)°" . 610207 ~ (0.272250) + (—0.104460);

Im

0

6.01 Intro to EECS 1 Lecture 4 (slide 115) 25 Feb 2019



po = 0.98¢%2

y[62] = (0.98)%% . 620207 ~ (0.281824) + (—0.047325);

Im

-,

6.01 Intro to EECS 1 Lecture 4 (slide 116) 25 Feb 2019



po = 0.98¢%2

y[63] = (0.98)%3 . 030207 ~ (0.279896) + (0.009416)7

Im

-,

6.01 Intro to EECS 1 Lecture 4 (slide 117) 25 Feb 2019



po = 0.98¢%2

y[64] = (0.98)%* . 540207 ~ (0.266997) + (0.063539);

Im
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6.01 Intro to EECS 1 Lecture 4 (slide 118) 25 Feb 2019



po = 0.98¢%2

y[65] = (0.98)%5 . 050207 ~ (0.244071) + (0.113010)5

Im

-,

|
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6.01 Intro to EECS 1 Lecture 4 (slide 119) 25 Feb 2019



po = 0.98¢"%

y[66] = (0.98)%6 . 660207 ~ (0.212419) + (0.156062);

Im

)

6.01 Intro to EECS 1 Lecture 4 (slide 120) 25 Feb 2019



po = 0.98¢%2

y[67] = (0.98)7 . 070207 ~ (0.173637) + (0.191249);

Im

L)

6.01 Intro to EECS 1 Lecture 4 (slide 121) 25 Feb 2019



po = 0.98¢"%

y[68] = (0.98)%8 . 580207 ~ (0.129536) + (0.217494);

Im
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6.01 Intro to EECS 1 Lecture 4 (slide 122) 25 Feb 2019



po = 0.98¢%2

y[69] = (0.98)%9 . 090207 ~ (0.082070) + (0.234116)5

Im

_‘__
=
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6.01 Intro to EECS 1 Lecture 4 (slide 123) 25 Feb 2019



po = 0.98¢%2

y[70] = (0.98)70 . 700207 ~ (0.033244) + (0.240839);

Im
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6.01 Intro to EECS 1 Lecture 4 (slide 124) 25 Feb 2019



po = 0.98¢%2

y[71] = (0.98)™ - "10-207 ~ (—0.014961) + (0.237790);

Im

JD B
=
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6.01 Intro to EECS 1 Lecture 4 (slide 125) 25 Feb 2019



po = 0.98¢%2

y[72] = (0.98)7% - 70207 ~ (—0.060666) + (0.225476);

Im
Q\\ Re

6.01 Intro to EECS 1 Lecture 4 (slide 126) 25 Feb 2019



po = 0.98¢"%

y[73] = (0.98)73 . 730200 ~ (—0.102167) + (0.204751);

Im
| | Re

6.01 Intro to EECS 1 Lecture 4 (slide 127) 25 Feb 2019



po = 0.98¢%2

y[74] = (0.98)™ - ™0-207 ~ (—0.137992) + (0.176764);

Im
w | Re

6.01 Intro to EECS 1 Lecture 4 (slide 128) 25 Feb 2019



po = 0.98¢%2

y[75] = (0.98)7° . 750200 ~ (—0.166952) + (0.142910);

Im

N

6.01 Intro to EECS 1 Lecture 4 (slide 129) 25 Feb 2019



po = 0.98¢%2

y[76] = (0.98)76 . 760200 ~ (—0.188175) + (0.104755);j

Im

N

6.01 Intro to EECS 1 Lecture 4 (slide 130) 25 Feb 2019



po = 0.98¢%2

y[77] = (0.98)77 . 70200 ~ (—0.201131) + (0.063976)

Im

N

6.01 Intro to EECS 1 Lecture 4 (slide 131) 25 Feb 2019



po = 0.98¢%2

y[78] = (0.98)78 . 70200 ~ (—0.205635) + (0.022288);

Im

N

6.01 Intro to EECS 1 Lecture 4 (slide 132) 25 Feb 2019



po = 0.98¢%2

y[79] = (0.98)7 . 0207 ~ (—0.201845) + (—0.018630);

Im

N

6.01 Intro to EECS 1 Lecture 4 (slide 133) 25 Feb 2019



po = 0.98¢"%

y[80] = (0.98)30 . 800207 ~ (—0.190238) + (—0.057192);

Im

N

6.01 Intro to EECS 1 Lecture 4 (slide 134) 25 Feb 2019



po = 0.98¢%2

y[81] = (0.98)%" - 310207 ~ (—0.171582) + (—0.091969)

Im

N

6.01 Intro to EECS 1 Lecture 4 (slide 135) 25 Feb 2019



po = 0.98¢%2

y[82] = (0.98)%% - 320207 ~ (—0.146892) + (—0.121739);

Im

-,

—* | Re

6.01 Intro to EECS 1 Lecture 4 (slide 136) 25 Feb 2019



po = 0.98¢%2

y[83] = (0.98)33 . 830207 ~ (—0.117383) + (—0.145526);

Im

-,

—A» | Re

6.01 Intro to EECS 1 Lecture 4 (slide 137) 25 Feb 2019



po = 0.98¢%2

y[84] = (0.98)%* - 340207 ~ (—0.084409) + (—0.162627);

Im

-,

—#* \ Re

6.01 Intro to EECS 1 Lecture 4 (slide 138) 25 Feb 2019



po = 0.98¢"%

y[85] = (0.98)35 . 850207 ~ (—0.049409) + (—0.172631);

Im
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—‘*‘ \ Re

6.01 Intro to EECS 1 Lecture 4 (slide 139) 25 Feb 2019



po = 0.98¢%2

y[86] = (0.98)36 . 860207 ~ (—0.013845) + (—0.175426);

Im
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|
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6.01 Intro to EECS 1 Lecture 4 (slide 140) 25 Feb 2019



po = 0.98¢%2

y[87] = (0.98)87 . 870207 ~ (0.020857) + (—0.171186);

Im
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|
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6.01 Intro to EECS 1 Lecture 4 (slide 141) 25 Feb 2019



po = 0.98¢%2

y[88] = (0.98)%8 . 880207 ~ (0.053362) + (—0.160358);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 142) 25 Feb 2019



po = 0.98¢%2

y[89] = (0.98)8% . 890200 ~ (0.082473) + (—0.143629);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 143) 25 Feb 2019



po = 0.98¢%2

y[90] = (0.98)%° . 290207 ~ (0.107176) + (—0.121893);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 144) 25 Feb 2019



po = 0.98¢%2

y[91] = (0.98)* - 710207 ~ (0.126671) + (—0.096207);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 145) 25 Feb 2019



po = 0.98¢%2

y[92] = (0.98)?% - 920207 ~ (0.140395) + (—0.067741);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 146) 25 Feb 2019



po = 0.98¢%2

y[93] = (0.98)?3 . 230207 ~ (0.148033) + (—0.037729);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 147) 25 Feb 2019



po = 0.98¢%2

y[94] = (0.98)%* - 70207 ~ (0.149526) + (—0.007416);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 148) 25 Feb 2019



po = 0.98¢%2

y[95] = (0.98)%° . 250207 ~ (0.145059) + (0.021989);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 149) 25 Feb 2019



po = 0.98¢"%

y[96] = (0.98)% . 960207 ~ (0.135043) + (0.049362);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 150) 25 Feb 2019



po = 0.98¢%2

y[97] = (0.98)77 - 79207 ~ (0.120093) + (0.073703)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 151) 25 Feb 2019



po = 0.98¢"%

y[98] = (0.98)%8 . 289207 ~ (0.100996) + (0.094171)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 152) 25 Feb 2019



po = 0.98¢"%

y[99] = (0.98)%7 . 299207 ~ (0.078668) + (0.110111)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 153) 25 Feb 2019



po = 1.01e%2%

y[0] = (1.01)? - €”9*%7 ~ (1.000000) + (0.000000);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 154) 25 Feb 2019



po = 1.01e%2%

y[1] = (1.01)" - "% ~ (0.989867) + (0.200656);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 155) 25 Feb 2019



po = 1.01e%2%

y[2] = (1.01)% - €% ~ (0.939574) + (0.397246);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 156) 25 Feb 2019



po = 1.01e%2%

y[3] = (1.01)% - €0 ~ (0.850344) + (0.581752);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 157) 25 Feb 2019



po = 1.01e%2%

y[4] = (1.01)* - 0% & (0.724996) + (0.746484)

Im

6.01 Intro to EECS 1 Lecture 4 (slide 158) 25 Feb 2019



po = 1.01e%2%

y[5] = (1.01)° - € 9?7 ~ (0.567863) + (0.884394);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 159) 25 Feb 2019



po = 1.01e%2%

y[6] = (1.01)° - €°0?% ~ (0.384650) + (0.989378);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 160) 25 Feb 2019



po = 1.01e%2%

y[7] = (1.01)7 - €79*% ~ (0.182228) + (1.056535);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 161) 25 Feb 2019



po = 1.01e%2%

y[8] = (1.01)% - €*9*% ~ (—0.031619) + (1.082395)

Im

6.01 Intro to EECS 1 Lecture 4 (slide 162) 25 Feb 2019



po = 1.01e%2%

y[9] = (1.01)" - 70 &~ (—0.248488) + (1.065083)

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 163) 25 Feb 2019



po = 1.01e%2%

y[10] = (1.01)10 . e!90-200 ~ (—0.459685) + (1.004430);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 164) 25 Feb 2019



po = 1.01e%2%

y[11] = (1.01)'* - 10207 ~ (—0.656572) + (0.902014);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 165) 25 Feb 2019



po = 1.01e%2%

y[12] = (1.01)'% - 10207 ~ (—0.830914) + (0.761129);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 166) 25 Feb 2019



po = 1.01e%2%

y[13] = (1.01)13 . e!39200 ~ (—0.975219) + (0.586689);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 167) 25 Feb 2019



po = 1.01e%2%

y[14] = (1.01)"* - 40207 ~ (—1.083060) + (0.385060);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 168) 25 Feb 2019



po = 1.01e%2%

y[15] = (1.01)15 . e!50-200 ~ (—-1.149351) + (0.163836)

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 169) 25 Feb 2019



po = 1.01e%2%

y[16] = (1.01)16 . 160207 ~ (—1.170579) + (—0.068448);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 170) 25 Feb 2019



po = 1.01e%2%

y[17] = (1.01)'7 - 170207 ~ (—1.144983) + (—0.302638)

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 171) 25 Feb 2019



po = 1.01e%2%

y[18] = (1.01)!8 . e!¥9207 ~ (—-1.072655) + (—0.529320);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 172) 25 Feb 2019



po = 1.01e%2%

y[19] = (1.01)'7 . e!99207 ~ (—0.955575) + (—0.739191);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 173) 25 Feb 2019



po = 1.01e%2%

y[20] = (1.01)%° . 209207 ~ (—0.797569) + (—0.923443);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 174) 25 Feb 2019



po = 1.01e%2%

y[21] = (1.01)?* - 210207 ~ (—0.604193) + (—1.074123);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 175) 25 Feb 2019



po = 1.01e%2%

y[22] = (1.01)?% - 220207 ~ (—0.382542) + (—1.184474);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 176) 25 Feb 2019



po = 1.01e%2%

y[23] = (1.01)%3 . 239207 ~ (—0.140994) + (—1.249232);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 177) 25 Feb 2019



po = 1.01e%2%

y[24] = (1.01)%* - 240207 ~ (0.111100) + (—1.264865);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 178) 25 Feb 2019



po = 1.01e%2%

y[25] = (1.01)%° - 25920 ~ (0.363777) + (—1.229755);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 179) 25 Feb 2019



po = 1.01e%2%

y[26] = (1.01)6 - 260207 ~ (0.606849) + (—1.144300);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 180) 25 Feb 2019



po = 1.01e%2%

y[27] = (1.01)%7 - 2792% ~ (0.830311) + (—1.010937);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 181) 25 Feb 2019



po = 1.01e%2%

y[28] = (1.01)?8 - 280207 ~ (1.024748) + (—0.834087);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 182) 25 Feb 2019



po = 1.01e%2%

y[29] = (1.01)?7 - 290207 ~ (1.181729) + (—0.620013);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 183) 25 Feb 2019



po = 1.01e%2%

y[30] = (1.01)3° . 300207 ~ (1.294164) + (—0.376610);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 184) 25 Feb 2019



po = 1.01e%2%

y[31] = (1.01)3* - 310207 ~ (1.356620) + (—0.113112);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 185) 25 Feb 2019



po = 1.01e%2%

y[32] = (1.01)% . 320207 ~ (1.365570) + (0.160248)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 186) 25 Feb 2019



po = 1.01e%2%

y[33] = (1.01)3 . 330207 ~ (1.319579) + (0.432634);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 187) 25 Feb 2019



po = 1.01e%2%

y[34] = (1.01)3* - 340207 ~ (1.219397) + (0.693032);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 188) 25 Feb 2019



po = 1.01e%2%

y[35] = (1.01)° . 359207 ~ (1.067980) + (0.930689);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 189) 25 Feb 2019



po = 1.01e%2%

y[36] = (1.01)36 . 369207 ~ (0.870410) + (1.135555)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 190) 25 Feb 2019



po = 1.01e%2%

y[37] = (1.01)37 - 370207 ~ (0.633734) + (1.298702);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 191) 25 Feb 2019



po = 1.01e%2%

y[38] = (1.01)38 . 380207 ~ (0.366721) + (1.412705)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 192) 25 Feb 2019



po = 1.01e%2%

y[39] = (1.01)37 . 399207 ~ (0.079537) + (1.471975)5

Im

6.01 Intro to EECS 1 Lecture 4 (slide 193) 25 Feb 2019



po = 1.01e%2%

y[40] = (1.01)%° . 100207 ~ (—0.216630) + (1.473020);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 194) 25 Feb 2019



po = 1.01e%2%

y[41] = (1.01)** . 10207 ~ (—0.510005) + (1.414626);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 195) 25 Feb 2019



po = 1.01e%2%

y[42] = (1.01)*2 . 10207 ~ (—0.788690) + (1.297956);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 196) 25 Feb 2019



po = 1.01e%2%

y[43] = (1.01)*3 . e*¥0-207 ~ (—1.041141) + (1.126549);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 197) 25 Feb 2019



po = 1.01e%2%

y[44] = (1.01)** . 0207 ~ (—1.256641) + (0.906222);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 198) 25 Feb 2019



po = 1.01e%2%

y[45] = (1.01)*° . 40207 ~ (—1.425746) + (0.644887);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 199) 25 Feb 2019



po = 1.01e%2%

y[46] = (1.01)%6 . 260200 ~ (—1.540700) + (0.352268);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 200) 25 Feb 2019



po = 1.01e%2%

y[47] = (1.01)*7 . 7020 ~ (—1.595773) + (0.039548)

Im

\
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6.01 Intro to EECS 1 Lecture 4 (slide 201) 25 Feb 2019



po = 1.01e%2%

y[48] = (1.01)*8 . 80207 ~ (—-1.587539) + (—0.281054);

Im

\
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po = 1.01e%2%

y[49] = (1.01)* . 299207 ~ (—1.515058) + (—0.596756)

Im

\
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po = 1.01e%2%

y[50] = (1.01)%° . 709207 ~ (—-1.379964) + (—0.894714);

Im

\
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po = 1.01e%2%

y[51] = (1.01)°* - 510207 ~ (—1.186451) + (—1.162547)3

Im

\
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po = 1.01e%2%

y[52] = (1.01)°% - 520207 ~ (—0.941157) + (—1.388835);

Im

\
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po = 1.01e%2%

y[53] = (1.01)%3 . 739207 ~ (—0.652942) + (—1.563611);

Im

\
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po = 1.01e%2%

y[54] = (1.01)°* - 540207 ~ (—0.332578) + (—1.678785);

Im

\
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po = 1.01e%2%

y[55] = (1.01)%° - 75920 ~ (0.007650) + (—1.728508);

Im

N
o

%

6.01 Intro to EECS 1 Lecture 4 (slide 209) 25 Feb 2019




po = 1.01e%2%

y[56] = (1.01)%° . 790200 ~ (0.354408) + (—1.709458);

Im

\
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po = 1.01e%2%

y[57] = (1.01)°7 - 570207 ~ (0.693830) + (—1.621022);

Im

\
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po = 1.01e%2%

y[58] = (1.01)8 - &7%9-2% ~ (1.012067) + (—1.465376) ]

Im

\
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po = 1.01e%2%

y[59] = (1.01)°? - 590207 ~ (1.295849) + (—1.247450);

Im

\
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po = 1.01e%2%

y[60] = (1.01)%Y . 890200 ~ (1.533027) 4 (—0.974790);

Im

\
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po = 1.01e%2%

y[61] = (1.01)%* - 610207 ~ (1.713090) + (—0.657302);

Im

\
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po = 1.01e%2%

y[62] = (1.01)%% . 520207 ~ (1.827624) + (—0.306900);

Im

\
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po = 1.01e%2%

y[63] = (1.01)%3 . 039207 ~ (1.870686) + (0.062934);

Im

\

\
. 11:{6
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po = 1.01e%2%

y[64] = (1.01)%* . 540207 ~ (1.839103) + (0.437660);

Im

\
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po = 1.01e%2%

y[65] = (1.01)%5 . 950207 ~ (1.732648) + (0.802253)5

Im
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po = 1.01e%2%

y[66] = (1.01)%6 . 560207 ~ (1.554115) + (1.141790)3

Im
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po = 1.01e%2%

y[67] = (1.01)°7 - 570207 ~ (1.309261) + (1.442063);

Im
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po = 1.01e%2%

y[68] = (1.01)%8 . 580207 ~ (1.006635) + (1.690162);

Im
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po = 1.01e%2%

y[69] = (1.01)%7 . 590207 ~ (0.657294) + (1.875024);

Im

6.01 Intro to EECS 1 Lecture 4 (slide 223) 25 Feb 2019



po = 1.01e%2%

y[70] = (1.01)70 . 700207 ~ (0.274399) + (1.987915)5

Im
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po = 1.01e%2%

y[71] = (1.01)™ - 710207 ~ (—0.127268) + (2.022831);

Im

\
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po = 1.01e%2%

y[72] = (1.01)72 . 70207 ~ (—0.531872) + (1.976797);

Im

\
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po = 1.01e%2%

y[73] = (1.01)73 . 730200 ~ (—0.923139) + (1.850044);

Im

\
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po = 1.01e%2%

y[74] = (1.01)™ . ™0-207 ~ (—1.285007) + (1.646064);

Im

\
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po = 1.01e%2%

y[75] = (1.01)7 . 750200 ~ (—1.602279) + (1.371541);

Im

\
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po = 1.01e%2%

y[76] = (1.01)76 . 700207 ~ (—1.861252) + (1.036136);

Im

\
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po = 1.01e%2%

y[77] = (1.01)77 . 7020 ~ (—2.050299) + (0.652166)]

Im

\
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po = 1.01e%2%

y[78] = (1.01)78 . 70200 ~ (—2.160385) + (0.234153);

Im

\

6.01 Intro to EECS 1 Lecture 4 (slide 232) 25 Feb 2019



po = 1.01e%2%

y[79] = (1.01)7 . 0207 ~ (—2.185478) + (—0.201714);

Im

\
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po = 1.01e%2%

y[80] = (1.01)3° . 800207 ~ (—-2.122858) + (—0.638200);

Im

\
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po = 1.01e%2%

y[81] = (1.01)3" - 310207 ~ (—1.973289) + (—1.057697);

Im

\
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po = 1.01e%2%

y[82] = (1.01)%% - 320207 ~ (—1.741061) + (—1.442932);

Im

\
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po = 1.01e%2%

y[83] = (1.01)33 . 830207 ~ (—-1.433886) + (—1.777666);

Im

\
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po = 1.01e%2%

y[84] = (1.01)3* - 340207 ~ (—1.062658) + (—2.047371)3

Im

\
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po = 1.01e%2%

y[85] = (1.01)%° . 850207 ~ (—0.641073) + (—2.239854);

Im

-

\\\
%




po = 1.01e%2%

y[86] = (1.01)36 . 860207 ~ (—0.185137) + (—2.345793);

Im
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po = 1.01e%2%

y[87] = (1.01)37 . 370200 ~ (0.287437) + (—2.359173);j

Im
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po = 1.01e%2%

y[88] = (1.01)%8 . &880-200 ~ (0.757907) + (—2.277592)j

Im




po = 1.01e%2%

y[89] = (1.01)37 . 390207 ~ (1.207239) + (—2.102435);

Im

\
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po = 1.01e%2%

y[90] = (1.01)%° - 990207 ~ (1.616873) + (—1.838892);

Im

\
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po = 1.01e%2%

y[91] = (1.01)7* - 910207 ~ (1.969474) + (—1.495824);

Im

\
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po = 1.01e%2%

y[92] = (1.01)?% - 920207 ~ (2.249664) + (—1.085480);

Im

\
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po = 1.01e%2%

y[93] = (1.01)?% . 930207 ~ (2.444677) + (—0.623072);j

Im

\
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po = 1.01e%2%

y[94] = (1.01)%* - 90207 ~ (2.544929) + (—0.126220);

Im

\
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po = 1.01e%2%

y[95] = (1.01)%° . 250200 x5 (2.544468) + (0.385715)5

Im

\
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po = 1.01e%2%

y[96] = (1.01)%6 . 900207 ~ (2.441290) + (0.892369);

Im

\
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po = 1.01e%2%

y[97] = (1.01)77 - 970207 ~ (2.237494) + (1.373187);

Im
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po = 1.01e%2%

y[98] = (1.01)%8 . 280207 ~ (1.939284) + (1.808239);

Im
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po = 1.01e%2%

y[99] = (1.01)%7 . %9920 ~ (1.556799) + (2.179046);

Im
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Check Yourself!

Output of a system with poles at z = retsv

Which statement is true?
1. r<0.5and w=0.5

2. 05<r<1land w=05
3. r < 0.5 and w = 0.08

4. 0.5<r<1and w=0.08
5. None of the above
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Check Yourself!

Output of a system with poles at z = retsv

Which statement is true?
1. r<0.5and w=0.5

2. 05<r<1and w=05
3. r < 0.5 and w = 0.08

4. 0.5<r<1and w~0.08
5. None of the above
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Summary: Pole Behaviors — Review

Unit sample response of most systems can be reduced to the form:
y[n] = >, cip}!

In the long term, the response of the pole with the largest magnitude
dominates the overall response.

Can figure out properties of the response by thinking about geometric
sequences!

6.01 Intro to EECS 1 Lecture 4 (slide 256) 25 Feb 2019



Designing a Control System

Today's goal: optimizing the design of a control system
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Example: Wall Finder

Consider a variant of the wall finder from week 2:

" |

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

B R e
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Example: Wall Finder

Consider a variant of the wall finder from week 2:

" |

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

B R e

D; — D, = distance difference
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Example: Wall Finder

Consider a variant of the wall finder from week 2:

" |

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

B R e

D; — D, = distance difference
k(D; — D,) = velocity
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Example: Wall Finder

Consider a variant of the wall finder from week 2:

" |

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

B R e

D; — D, = distance difference
k(D; — D,) = velocity
AD = —kT(D; — D,) = change in distance in time T
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Example: Wall Finder

Consider a variant of the wall finder from week 2:

" |

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

B R e

D; — D, = distance difference

k(D; — D,) = velocity

AD = —kT(D; — D,) = change in distance in time T
Feedback loop updates position D, + AD
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Example: Wall Finder

Using feedback to control position (DL02) can lead to bad behaviors:

3 |

T
—— d;[n] = desiredFront

» d,[n] = distanceFront

do do

h=—1
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Example: Wall Finder

Using feedback to control position (DL02) can lead to bad behaviors:

3 |

T
—— d;[n] = desiredFront

» d,[n] = distanceFront

What causes these different types of responses?
Is there a systematic way to optimize the gain k7
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Design

analysis

7\

system behavior

NS

design

The most useful tools are those that help us not only analyze systems, but
also design systems
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Example: Wall Finder

The difference equations provide a concise description of behavior:

=0l

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

proportional controller:  v[n] = ke[n] = k(d;[n] — ds[n])
locomotion: do[n] = do[n — 1] — Tw[n — 1]
sensor with no delay: ds[n] = do[n]
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Example: Wall Finder

The difference equations provide a concise description of behavior:

=0l

T
——+ d;[n] = desiredFront
» d,[n] = distanceFront

proportional controller: v
locomotion: do[n] = do
sensor with no delay: d d

do[n] = do[n — 1] — Tk(di[n — 1] — do[n — 1])
However, it provides little insight into how to choose k.
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Example: Wall Finder

A block diagram reveals two feedback paths:

d)

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

proportional controller:
locomotion:
sensor with no delay:

6.01 Intro to EECS 1

v[n] = ke[n] = k(di[n] — ds[n])
do[n] = do[n — 1] — Tv[n — 1]
ds[n] = do[n]
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Example: Wall Finder

A block diagram reveals two feedback paths:

d)

T
——+ d;[n] = desiredFront

» d,[n] = distanceFront

proportional controller: v
locomotion: do[n] = do
sensor with no delay: ds|

However, it provides little insight into how to choose k.
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Check Yourself!

> Eye

To construct this system using our simulation framework, how many instances of
Cascade and FeedbackAdd/FeedbackSubtract are needed?

1 Cascade, 1 Feedback
2 Cascade, 1 Feedback
1 Cascade, 2 Feedback
2 Cascade, 2 Feedback

R

None of the above
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Check Yourself!

> Eye

To construct this system using our simulation framework, how many instances of
Cascade and FeedbackAdd/FeedbackSubtract are needed?

1 Cascade, 1 Feedback
2 Cascade, 1 Feedback
1 Cascade, 2 Feedback
2 Cascade, 2 Feedback

R

None of the above
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Example: Wall Finder

Simplify block diagram with R operator and system functionals.

> Eyp
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Example: Wall Finder

Simplify block diagram with R operator and system functionals.

> Eyp
D, a(?—vb—vb—» Lt D,
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Example: Wall Finder

Simplify block diagram with R operator and system functionals.

> Eyp
D, a(?—vb—vb—» Lt D,

—KTR
1—(1+ k)R

—» D,
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Example: Wall Finder

This system contains a single pole at z =1+ kT.

D, kTR
D;  1—-(1+kD)R

The whole system is equivalent to the following:

a |

where pg =1+ kT

» D,
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Example: Wall Finder

This system contains a single pole at z =1+ kT.

D, kTR
D;  1—-(1+kD)R

The whole system is equivalent to the following:

a |

where pg =1+ kT
Unit sample response for kT = —0.2 is:
h[n]

d????oooon
0

Lecture 4 (slide 276)

» D,
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Example: Wall Finder

D; —> J

Unit sample response for kT = —0.2 (thus po =1+ kT = 0.8):
h[n]

O('f_i??qqoooon
0

» D,
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Example: Wall Finder

D; —> J

Unit sample response for kT = —0.2 (thus po =1+ kT = 0.8):
h[n]

O('f_i??qqoooon
0

do[n] = podo[n — 1] + (1 — po)di[n — 1]

» D,
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Example: Wall Finder

D; —> J

Unit sample response for kT = —0.2 (thus po =1+ kT = 0.8):
h[n]

O('f_i??qqoooon
0

do[n] = podo[n — 1] + (1 — po)di[n — 1]

» D,

Response is delayed by 1 time step
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Example: Wall Finder

D; —> J

Unit sample response for kT = —0.2 (thus po =1+ kT = 0.8):
h[n]

O('f_i??qqoooon
0

do[n] = podo[n — 1] + (1 — po)di[n — 1]

Response is delayed by 1 time step

» D,

Initial response is 1 —pg = 0.2
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Example: Wall Finder

D; —> J

Unit sample response for kT = —0.2 (thus po =1+ kT = 0.8):
h[n]

03_1???9000:;,,,
0

do[n] = podo[n — 1] + (1 — po)di[n — 1]

» D,

Response is delayed by 1 time step
Initial response is 1 —pg = 0.2

Subsequent decay is by pg = 0.8
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Example: Wall Finder

We are often interested in the step response of a control system.

" |

T
—— d;[n] = desiredFront

» d,[n] = distanceFront

Idea: start the output do[n] at zero while the input is held constant at 1.
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Step Response

We can think of the unit-step signal u[n] as an accumulation of a series of
samples §[n]

uln] =d6[n] +dn—1]+68n—2]+...

n
-10 1 2 3 4
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Step Response

Unit step response s[n| is response of H to the unit-step signal u[n], which is
constructed by accumulation of the unit sample signal §[n].

8[n] —>@—‘_'—> uln] —> sn]
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Step Response

Unit step response s[n| is response of H to the unit-step signal u[n], which is
constructed by accumulation of the unit sample signal §[n].

8[n] —>@—‘_'—> uln] —> sn]

Commute and relabel signals:

d[n) —» h[n] —»@T s[n]
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Step Response

Unit step response s[n| is response of H to the unit-step signal u[n], which is
constructed by accumulation of the unit sample signal §[n].

8[n] —>@—‘_'—> uln] —> sn]

Commute and relabel signals:

d[n) —» h[n] —»@T s[n]

The unit-step response s[n] is equal to the accumulated unit sample response

hln]: .
sln] = D hli]

1=—00
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Example: Wall Finder

We can use this idea to see how our wall finder converges to a target
distance:

» decide on a target distance d
» then input to system would just be d - u[n]

» so just analyzing response of system to w[n] will provide insight into speed
of convergence and behavior of convergence

» and we just saw that is simply the sum of the unit sample responses
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Example: Wall Finder

The step response of the wallFinder system with kT = —0.2 is slow because
the unit-sample response is slow (remember in this case that pole is at
po = 1+ kT, initial response is 1 — py = —kT', decay is py):

h[n]

Of:.???‘?Oooon
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Example: Wall Finder

The step response is faster if kT = —0.8:

hln]
0.8 +
n
0
s[n]
1 e = —— - -) -
-0—0 n
0
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Wall Finder: Poles

The poles of the system provide insight for choosing k!

D, —kT 1-—
D; 1-(1+kT)R _ 1—poR

6.01 Intro to EECS I Lecture 4 (slide 290) 25 Feb 2019



Wall Finder: Poles

The poles of the system provide insight for choosing k!

D, —kTR (1—po)R L kT

_— = = : Po =

Di 1—(1+4+kT)R 1—poR’

Im z Imz Imz
1 Rez 1 Rez 1 Rez

-1<kT' <0 —2<kT < -1 ET < =2
0<po<1 —1<py<0 po < —1
monotonic alternating alternating
converging converging diverging
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Check Yourself!

o

o —kTR
D; 1-(14kDR

Which value of kT gives the fastest convergence of the unit-sample response?

1. kKT = -2

2. kT =-1

3. kT'=0

4. kT =1

5 kT =2

0. None of the above
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Check Yourself!

o

o —kTR
D; 1-(14kDR

Which value of kT gives the fastest convergence of the unit-sample response?

1. kKT = -2

2. kT =—1

3. kT'=0

4. kT =1

5 kT =2

0. None of the above
po =14+ kT

We want pg as close to 0 as possible
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

v

do[n] = distanceFront

» position
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

v

do[n] = distanceFront

» position

(0] v =10
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

v

do[n] = distanceFront

» position

(0] v =10
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

v

do[n] = distanceFront

» position
o v=10
o v=0
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

v

do[n] = distanceFront

» position
o v=10
v=0

(oo
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

. I
——% d;[n] = desiredFront
do[n] = distanceFront

v

» position

(0] v =10
@] v=0
(@) v=0

v
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

. I
——% d;[n] = desiredFront
do[n] = distanceFront

v

» position
o v=10
o v=0
(@] v=20
(@]
v
25 Feb 2019
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

. I
——% d;[n] = desiredFront
do[n] = distanceFront

v

» position
o v=10
@] v=0
(@] v=0
(@) v=0
v
25 Feb 2019

6.01 Intro to EECS 1 Lecture 4 (slide 301)



Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

do[n] = distanceFront

v

» position

(o] v =10
@] v=0
O v=0
(@) v=0
(@]
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

do[n] = distanceFront

v

» position

(o] v=10
@] v=0
O v=0
(@) v=0
O] v=0

25 Feb 2019
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

do[n] = distanceFront

v

» position

(o] v=10
@] v=0
(@] v=0
(@) v=0
O] v=20
o

 /
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

do[n] = distanceFront

v

» position
(o] v=10
@] v=0
(@] v=0
(@) v=0
O] v=20
(o] v=20
 /
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

v

do[n] = distanceFront

» position

(o] v=10
@] v=0
(@] v=0
(@) v=0
O] v=20
(@] v=20
o

 /
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Example: Wall Finder

Optimal gain £ moves robot to desired position in one step!
Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

-0l

T
——% d;[n] = desiredFront

v

do[n] = distanceFront

» position
(o] v=10
@] v=0
(@] v=0
(@) v=0
O] v=20
(@] v=20
(o] v=20
v
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Example: Wall Finder with Delay

Adding delay tends to destabilize control systems.

-0l

—— d;[n] = desiredFront
d

o[n] = distanceFront

proportional controller: v
locomotion: do[n] = d,
sensor with delay: ds| d
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

» position

(O ()

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

» position
v =10

oo

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

» position
v =10

oo

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

; I
——# d;[n] = desiredFront
» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
v
time
25 Feb 2019
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

; I
——# d;[n] = desiredFront
» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
(©)
v
time
25 Feb 2019
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
(@) v=—10

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront
» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
(@) v=—10

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront
» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
O v=—10
O v=—10

time
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
O v=—10
O v=—10
©)
v

time
25 Feb 2019
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

S » position
(0] v =10
(@] v =10
O v=20
O v=—10
O v=—10
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v
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
O v=—10
O v=—10
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v
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Example: Wall Finder with Delay

Assume d;[n] = 0.5m and d,[0] = 1.5m and T = 0.1s.

ol

T
——# d;[n] = desiredFront

» d,[n] = distanceFront

S » position
(0] v =10
(@) v =10
O v=20
O v=—10
O v=—10
(0] v=20
o v=10
v

time
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Example: Wall Finder with Delay

Incorporating sensor delay in block diagram:

0l

T
———— d;[n] = desiredFront

» d,[n] = distanceFront

proportional controller: v
locomotion: do[n] = do[
sensor with delay: ds| do
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Example: Wall Finder with Delay

i ale Egra
(7]«

What is the system functional 227

ETR
T1-R

—kTR
14+ R+ KTR?

—kTR
" 1—-R - KkTR?

kTR

4.

+ kT
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Example: Wall Finder with Delay

i ale Egra
(7]«

What is the system functional 227

ETR
T1-R

—kTR
14+ R+ KTR?

—kTR
" 1-R—KkTR?

kTR

4.

+ kT
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Example: Wall Finder with Delay

Represent system with single system functional:

ﬁ%%%@fﬁ

R |<

v
S
<
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Example: Wall Finder with Delay

Represent system with single system functional:

ﬁ%%%@fﬁ

R |<

D, —» I>—>I>_> R D,
T_ TR
R

v
S
<

v

A
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Example: Wall Finder with Delay

Represent system with single system functional:

D _.?_.D_.

<
<«

gt

v

D, —» I>—>I>_> R
" TR

T

R

v

6.01 Intro to EECS 1

R

<
<

—kTR

1-R—kTR?

—» D,

Lecture 4 (slide 328)
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Example: Wall Finder with Delay

1
Substitute — for R to find the poles.
z

Y —kTR

X 1-R—kIR?
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Example: Wall Finder with Delay

1
Substitute — for R to find the poles.
z

Y —kTR

X 1-R—kIR?

Y —kT:

Xt ()
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Example: Wall Finder with Delay

1
Substitute — for R to find the poles.
z

Y —kTR

X 1-R—kIR?

Y —kT:

Xt ()

—kTz

Y
X 22 —z—kT
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Example: Wall Finder with Delay

1
Substitute — for R to find the poles.
z

Y —kTR

X 1-R—kIR?

Y —k:T%

Xt ()

Y —kTz

X 22 —z—kT

The poles are the roots of the denominator in z:

1 1
= -4/ +kT
S il
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Example: Wall Finder with Delay

For small kT, the poles are at z ~ —kT and z~ 1+ kT.

1 1\2 1 1
z:ii (5) +kT:§(1i\/1+4kT)z5(11(1+2kT)):1+kT,fkT

Imz
kT ~0 z-plane

2

Rez

N
—_
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Example: Wall Finder with Delay

For small kT, the poles are at z ~ —kT and z~ 1+ kT.

1 1\2 1 1
z:ii,/(ﬁ +kT:§(1i\/1+4kT)z5(11(1+2kT)):1+kT, —kT

Imz
kT ~0 z-plane

2

Rez

N
—_

Pole near 0 generates fast response. Pole near 1 generates slow response.
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Example: Wall Finder with Delay

For small kT, the poles are at z ~ —kT and z~ 1+ kT.

1 1\2 1 1
z:ii,/(i) +kT:§(1i\/1+4kT)z5(11(1+2kT)):1+kT, —kT

Imz
kT ~0 z-plane

2

Rez

N
—_

Pole near 0 generates fast response. Pole near 1 generates slow response.
Slow mode dominates the response.
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Example: Wall Finder with Delay

As kT becomes more negative, the poles move toward each other and collide

1 _ 1
atz_iwhenk;T_—Z.
1 1\ 2 1 1\ 1 11
z==4q/(2) +kT==24/(=) ===,
2 2 2 2 4 272
1 Im z |
TR z-plane
=~
2
e Rez
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Example: Wall Finder with Delay

If kT < —i, the poles are complex.

1 1\2 1 1\2
——44/(= KT = = + 4/ —kT — [ =
S (2) + g 7 (2)

Imz
kT = —1 z-plane

Rez

Complex poles — oscillations.
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Complex Poles

Complex poles, but real-valued response. This happens because poles come
in complex conjugate pairs (summing pg + p} vields a real number if pg and
p1 are complex conjugates).

The period of oscillation of the resulting real-valued signal is the same as the
periods of the complex-valued signals!
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Check Yourself!

Im z
kKT = —1 z-plane

1

N L
N

What is the period of the oscillation?
1
2
3
4
5.6

PN
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Feedback and Control: Poles

The poles depend on gain!

Im 2
z-plane
I
[ Y
e 1 Rez
Y
|
If KT': 0 — —oo: then (z1,22) : (0,1) — (3,3) — (3 + joo)
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Feedback and Control: Poles

The poles depend on gain!

Im 2
z-plane

If KT': 0 — —oo: then (z1,22) : (0,1) — (3,3) — (3 + joo)

Our design problem can be thought of as choosing k to move the poles to a
“desirable” location in the complex plane.
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Check Yourself!

Imz

z-plane
closed-loop poles

dl
N

Find kT for fastest response.

1.0

2. —-1/4
3. —1/2
4. —1
5. —oc0

0. None of the above
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Effect of Delay

Adding delay to the feedback loop makes the system more difficult to
stabilize.

Ideal sensor: ds[n] = do[n]
More realistic sensor: ds[n] = do[n — 1]

Imz Imz
3
K -
< Rez Rez
\ |
y

Fastest response without delay: single pole at O
Fastest with delay: double pole at 0.5 (slower!)

Lecture 4 (slide 545)
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Effect of Delay

Adding more delay in the feedback loop is even worse.

More realistic sensor: ds[n] = do[n — 1]
Doubly-delayed sensor: ds[n] = do[n — 2]

Imz Imz
4

—

Rez Rez

Fastest with delay: double pole at 0.5
Fastest with two delays: double pole at 0.682 (slower!)
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Check Yourself!

x =R R R
*

v
~

Which of the following statements are true?

The system has 3 poles.

Unit-sample Response is the sum of 3 geometric sequences.
Unit-sample Response is y[n] = [0,0,0,1,0,0,1,0,0,1,...]
Unit-sample Response is y[n] =[1,0,0,1,0,0,1,0,0,1,...]

One of the poles is at z = 1.

LA L
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Summary

System functionals provide a convenient summary of information that is
important for designing control systems.

The unit sample response of a feedback system is the sum of scaled
geometric sequences whose bases are the system’s poles.

The long-term behavior of a system is determined by its dominant pole (i.e,
the pole with the largest magnitude).

This Week’s Labs: Fixing Wall Follower
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